Abstract-In this paper, diversity analysis of bit-interleaved coded multiple beamforming (BICMB) is extended to the case of general spatial interleavers, removing a condition on their previously known design criteria and quantifying the resulting diversity order. The diversity order is determined by a parameter Qmax which is inherited from the convolutional code and the spatial de-multiplexer used in BICMB. We introduce a method to find this parameter by employing a transfer function approach as in finding the weight spectrum of a convolutional code. By using this method, several Qmax's are shown and verified to be identical with the results from a computer searching program tracing paths on the trellis. The diversity analysis and the method to find the parameter are supported by simulation results.
I. INTRODUCTION
When the channel information is perfectly available at the transmitter, beamforming is an attractive technique to enhance the performance of a multi-input multi-output (MIMO) system [1] . The beamforming vectors are obtained by singular value decomposition (SVD) which is optimal in terms of minimizing the average bit error rate (BER) [2] . Single beamforming, which carries only one symbol at a time, was shown to achieve full diversity order of N M where N is the number of transmit antennas and M is the number of receive antennas [3] . However, multiple beamforming, which increases the throughput by sending multiple symbols at a time, loses the full diversity order over flat fading channels.
To achieve the full diversity order as well as the full spatial multiplexing order, bit-interleaved coded multiple beamforming, combining bit-interleaved coded modulation (BICM) and multiple beamforming, was introduced in [4] . Design criteria for interleaving the coded sequence were provided such that each subchannel created by SVD is utilized at least once with a corresponding channel bit equal to 1 in an error event on the trellis diagram [4] , [5] . BICMB with 1/2-rate convolutional encoder, a simple interleaver and soft-input Viterbi decoder was shown to have full diversity order when it is used in a 2 × 2 system with 2 streams. In this paper, the diversity order is analyzed even when the interleaver does not meet the design criteria. To determine the diversity order, the error events that dominate BER performance need to be found. We introduce a method to find the dominant error events by extending a method from convolutioinal code analysis to determine system performance, e.g., [6] , into the analysis of the combination of the interleaver and the code.
The rest of this paper is organized as follows. A brief review of the BICMB system is given in Section II. Section III introduces a method to find α-vectors for a given convolutional code and the number of subchannel. Pair-wise error probability (PEP) analysis is given in Section IV. Simulation results supporting the analysis are shown in Section V. Finally, we end the paper with a conclusion in VI.
II. BICMB OVERVIEW
The convolutional encoder, possibly combined with a perforation matrix for a high rate punctured code, generates the codeword c from the input packet. Then, the spatial demultiplexer distributes the coded bits into S sequences, each of which is interleaved by an independent bit-wise interleaver. The interleaved sequences are mapped by Gray encoding onto the symbol sequences y. A symbol belongs to a signal set χ ⊂ C of size |χ| = 2 m , such as 2 m -QAM, where m is the number of input bits to the Gray encoder.
The MIMO channel H ∈ C M×N is assumed to be quasistatic, Rayleigh, and flat fading, and perfectly known to both the transmitter and the receiver. The beamforming vectors are determined by the singular value decomposition of the MIMO channel, i.e., H = UΛV H where U and V are unitary matrices, and Λ is a diagonal matrix whose s th diagonal element, λ s ∈ R, is a singular value of H with decreasing order. When S symbols are transmitted at the same time, then the first S vectors of U and V are chosen to be used as beamforming matrices at the receiver and the transmitter, respectively. Let's denote the first S vectors of U and V as U andṼ. The system input-output relation at the k th time instant for a packet duration is written as
where y k is an S × 1 vector of transmitted symbols, r k is an S × 1 vector of the detected symbols, and n k is an additive white Gaussian noise vector with zero mean and variance N 0 = N/SN R. On each s th subchannel, finally, we get
where r k,s , y k,s , andñ k,s are a detected symbol, a transmitted symbol, and a noise term, respectively. H is complex Gaussian with zero mean and unit variance, and to make the received signal-to-noise ratio SN R, the total transmitted power is scaled as N . The location of l th coded bit c l within the detected symbols is stored in a table l → (k, s, i), where k, s, and i are time instant, subchannel, and bit position on a symbol, respectively. Let χ i b ⊂ χ where b ∈ {0, 1} in the i th bit position. By using the information in the table and the input-output relation in (2), the receiver calculates the ML bit metrics as
The combination of the ML bit metrics of (3) andŨ detector at the receiver is not the unique solution to get the optimum BER performance. Appropriate bit metrics corresponding to a linear detector, such as zero-forcing (ZF) or minimum mean square error (MMSE) detector, were shown to be equivalent to the bit metrics of (3) withŨ detector [7] . Finally, the ML decoder can make decisions according to the rulê
III. α-SPECTRA
The BER of a BICMB system is upper bounded by all the summations of each pairwise error probability for all the error events on the trellis [4] , [5] . Therefore, the calculation of PEP for each error event is needed to analyze the diversity order of a given BICMB system. If the interleaver is properly designed such that the consecutive long coded bits are mapped onto distinct symbols, the PEP between the two codewords c and c with Hamming distance d H is upper bounded as [4] 
where d min is the minimum Euclidean distance in the constellation, and α s denotes the number of usages of the s th subchannel of corresponding d H bits under consideration satisfying
Since PEP is affected by the summation of the products between α s and singular values as can be seen in (5), it is important to calculate the α-vectors for each error path to have an insight into the diversity order behavior of a particular BICMB implementation.
We developed a method to calculate the α-vectors for a convolutional code and interleaver combination. We will now illustrate this method with a simple example. Assume the system is composed of a 4-state 1/2-rate convolutional encoder and a spatial de-multiplexer rotating with an order of a, b, c, and d which represent the streams. Fig. 1 represents a trellis diagram of this convolutional encoder for one period at the steady state. Since a convolutional code is linear, the all- Let's denote x = X 11 X 12 X 13 X 21 X 22 X 23 T . Then, the state equations are given by the matrix equation
We also get
The transfer function is represented in closed form by using the method in [6] as
an infinite series of power of matrices. The weight spectrum, used for error performance analysis of convolutional codes, can be easily determined by T(a, b, c, d, Z) | a=b=c=d=1 and can be compared with the literature [8] , [9] . Assume that a, b, c, d are assigned to be the stream numbers 1, 2, 3, and 4, respectively. We can then figure out 
This method can be applied to any K-state k c /n c -rate convolutional code and S-stream BICMB system. If the spatial de-multiplexer is not a random switch for the whole packet, the period of the spatial de-multiplexer can be an integer multiple of least common multiples (LCM) of n c and S. Let's denote P = LCM (n c , S) which means the number of coded bits for a minimum period. Then, the dimension of the vector x is nP (K − 1)k c /n c where n is the integer multiple for a period of interest.
By using this method, transfer functions of a 4-state 1/2-rate (5, 7) convolutional code combined with several different de-multiplexers are shown in (10), (11) , and (12). The spatial de-multiplexer used in T 1 and T 2 is a simple rotating switch on 2 and 3 subchannels, respectively. For T 3 , i th coded bit is de-multiplexed into subchannel s mod(i,18)+1 where s 1 = · · · = s 6 = 1, s 7 = · · · = s 12 = 2, s 13 = · · · = s 18 = 3 and mod is a modular operation. Throughout the transfer functions, the variables a, b, and c represent 1 st , 2 nd , and 3 rd subchannel, respectively, in a decreasing order of singular values from the channel matrix. In Section IV, we present how these vectors affect the diversity order of BICMB.
IV. DIVERSITY ANALYSIS
Through the transfer functions in Section III, we have seen interleavers which do not guarantee the full diversity criteria. Contrary to the assumption in [4] that α s ≥ 1, for s = 1, 2, · · · , S, we assume in this paper that α s ≥ 0. First, we analyze PEP of codewords which have only one non-zero element in an α-vector. Let's defineQ as the index such that αQ ≥ 1 and α q = 0 for q =Q. Then, PEP in (5) can be re-written as
where νQ = λ 2Q , ρ(νQ) is a marginal pdf of theQ th largest eigenvalue of HH H , and G(·) is defined as the indefinite integral of
ρ(νQ)dνQ. As shown in [3] , [10] , and [11] , G(∞) is zero since G(·) has the exponential factor with negative exponent. Therefore, the pdf ofQ th largest eigenvalue around zero is needed to calculate PEP. By using the approximation in [3] and [11] from the joint pdf of the eigenvalues, the marginal pdf of νQ around zero is approximated as
where β is a constant. Therefore, the PEP in (13) is upper bounded as
where γ is a constant. Secondly, for the PEP calculation of the codewords resulting in more than one non-zero elements in an α-vector, we need to calculate the marginal pdf for the eigenvalues corresponding to non-zero α's. The closed form of the marginal pdf for the concerned variables is not available analytically. However, one can calculate (5) via a computer and get an insight into the diversity associated with an error path. Fig. 2 shows the calculations of (5) corresponding to several specific α-vectors through Monte-Carlo simulation. Based on these observations, we conclude that the exponent of PEP at high SNR is (M −Q + 1)(N −Q + 1), whereQ is an index that indicates the first non-zero element in the α-vector. By taking both (15) and the observations in Fig. 2 into consideration, we express the exponent of PEP between two codewords as (M − Q + 1)(N − Q + 1) where Q is an index that indicates the first non-zero element in the α-vector.
For a rate k c /n c binary convolutional code and a fixed Grayencoded constellation labeling map in a BICMB system, BER P b can be bounded as
where g(·) is PEP corresponding to each error event, W I (d) denotes the total input weight of error events at Hamming distance d, and Q is different for each error event. Since BER is dominated by PEP with the worst exponent term, the diversity order of a given BICMB system can be represented by
where Q max is the maximum Q among the whole set of Q's corresponding to all of the error events.
V. SIMULATION RESULTS
To show the validity of the diversity order analysis in Section IV by using the method in Section III to get Q max , BER against SNR are derived through a Monte-Carlo simulation. Throughout the simulation, 4-QAM modulation with Gray mapping is used for the BICMB system. For the non-punctured code, the used generator polynomials are (5, 7) and (5, 7, 7) for rates 1/2 and 1/3, respectively. For high rate codes such as 2/3 and 3/4, the perforation matrices in [9] are used from the 1/2-rate original code. The well-known reference curves achieving the full diversity order of M N are drawn from the Alamouti code for the 2 × 2 case and 1/2-rate orthogonal space-time block code (OSTBC) for the 3 × 3 case. Fig. 3 shows BER performances for the cases corresponding to T 1 , T 2 , T 3 in (10), (11) , and (12). Q max is found to be 1 for T 1 because α 1 ≥ 1 in all of the α-vectors. In this case, as predicted by the analysis in [4] , [5] , the diversity order equals 4 by calculating (17) with M = N = 2. From the figure, we can see that BER curve for T 1 is parallel to that of 2 × 2 Alamouti code. Since Q max for T 2 is 2 due to the vector [0 5 3], the calculated diversity order is 4 in the case of M = N = S = 3. This can be verified by Fig. 3 . Although the same number of subchannels and same convolutional code are used, the spatial de-multiplexer, described in Section III for T 3 , gives no diversity gain at all. The reason for this is that the vector [0 0 5] which can be observed from the transfer function in T 3 makes Q max 3 resulting in the calculated diversity order of 1 in the equation (17) with M = N = S = 3. This matches the simulation result. Table I shows the results of calculating the α-vectors of BICMB system with a 4-state convolutional code and a simple rotating spatial de-multiplexer. P and the dimension of the vector x according to the parameters S and rate are shown. Then, the α-vectors which have the largest Q among the all α-vectors are partly shown in the table. The value Q max corresponding to the vectors found is also shown in the table. Fig. 4 shows the BER performance of the punctured code with the same spatial de-multiplexer being used as that of the non-punctured code in the 2 × 2 case. Due to the puncturing Table I , resulting in losing the the full diversity order.
As shown in Fig. 5 , for a 3 × 3 system with 3 streams, only 1/3-rate convolutional code achieves full diversity order of 9 since other codes have Q max of larger than 1 as given in Table  I . The analytically calculated diversity orders by using (17) and Table I are 4, 4, 1 for 1/2, 2/3, 3/4 respectively, which can be easily verified from Fig. 5 . For the rate-3/4 code with the same spatial de-multiplexer, reducing one stream improves the performance dramatically. The diversity order of this case is 4 from the equation (17) with M = N = 3 and Q max = 2.
VI. CONCLUSION
In this paper, we investigated the diversity order of BICMB when the interleaver does not achieve the previously introduced design criteria. We introduced a method to calculate the α-vectors from a given convolutional code and a spatial de-multiplexer by using a transfer function. By using this method, the α-vectors that do not fulfill the full diversity order criteria are quantified. Then, the diversity behavior corresponding to the α-vectors was analyzed through PEP calculation. The exponent of PEP between two codewords is (M − Q + 1)(N − Q + 1) where Q is the first index to the non-zero element in the α-vector. Since BER is dominated by PEP with the smallest exponent, the diversity order is (M −Q max +1)(N −Q max +1), where Q max is the maximum among Q's corresponding to each α-vector. We provided the simulation results that verify the analysis.
